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The identication of a background structure in theories
invariant under dieomorphisms is notoriously diÆcult.
This is an important issue because in turn, in quantum
eld theory, the excitations with respect to a xed back-
ground receive a particle interpretation [15]. Hence the
problem of identifying a background structure is central
in quantum gravity. One can also avoid this problem tak-
ing unaltered the spirit of general relativity. A program
of quantization of this kind can be performed and leads
to canonical gravity [16]. Before we abandon the idea of a
privileged background structure let us look more closely
to the problem of its denition.
In metric theories of gravity one can try to introduce











with the background and h

with
the perturbation. This can be justied if we are study-
ing a spacetime which is Minkowskian at spatial innity
but is still not satisfying. The splitting of the metric
in background and perturbation parts turns out to be
dependent on the coordinate system chosen. Let two





g respectively. Even if the two














fer. The prescription (1) introduces a background in a
non-covariant way with respect to coordinate changes. It
cannot be used in many circumstances: for instance in
quantum gravity where we cannot arbitrarily privilege a
system of coordinates [19]. We can reach the same con-
clusion even if we look for scalars that can be constructed
from  and h. It is not diÆcult to show that the only
scalars that can be constructed this way are exactly those
that can be constructed using the full metric g

alone.
This means, because any observable should be coordi-
nate independent, that the splitting proposed is articial.
Any observable expresses properties of the full geometry,
nothing can be said about the background metric and its













It says that a coordinate system where (1) holds exists
without, however, xing it from the beginning. The dy-
namics should determine that coordinate system starting
from the initial value data. Unfortunately, this prescrip-
tion is not well suited for practical calculations.
Let us consider a principal ber bundle P with struc-
ture group G and let the spacetime M be the base.
Over P let us consider a at connection ~! and a sec-
ond connection !. Then, clearly, if M is simply con-
nected, the ber bundle is trivial. A structure like this
is familiar in teleparallel theories where P is the bun-
dle of linear frames and the two connections are given
by Weitzenbock's and Levi-Civita's respectively. Here,
however, this structure acquires a dierent role. We re-
quire G to be a 4-dimensional Lie group and we dene














I is a symmetric, bilinear and ad-invariant function de-







, are the potentials of the connections in a














the dimension of a mass. Under gauge transforma-
tions the dierence of two potential transforms with the
adjoint representation. Since I is ad-invariant the metric
so dened is gauge invariant.
The function I is a metric for the Lie algebra G. It must
be Minkowkian because g

is Minkowskian too. We can










The requirement of ad-invariance for I leads us to the










































. With a Lorentz transformation of the
generators we can recast v
a
in a canonical form [17],
moreover the residual parameter can be eliminated with




, in such a way that the
product a
2
I and Eq. (5) are left unchanged. Finally, the
Lie algebras involved are
a) v
a






























= 0: Lie algebra of the two-dimensional Eu-

















belongs to the center of
the group. In the last case it plays the role of central




3From Eq. (5) it follows that the adjoint representation
acts as a subgroup H of the Lorentz group. Moreover
if v
a
6= 0, H is the little group of the four-vector v
a
,
since the structure coeÆcients are left unchanged after
an adjoint transformation. For G = T
4
this subgroup is
the trivial group H = e, for G = U (2) it is SO(3), for
G = GL(2;R) it is SO(2; 1) and in the last case it is E
2
.
Let ~(x) be an horizontal section with respect to the
at connection ~! and let (x) be the transition function
between the two sections (x)
 1







































Notice that (x) is determined only up to global left mul-
tiplications (x)! u(x) because of the arbitrariness of




The degrees of freedom given by the eld  are easily
removed with a gauge transformation that sends  to the
identity. Let us call such gauge "OT gauge" because of
its connection, that we shall exploit, with the OT frame.




proportional. The potential in the OT gauge is our dy-
namical variable; in what follows we shall assume that the
dynamics determines this eld completely. Clearly, this
is not the case if the Lagrangian is constructed from the
metric alone, indeed the tetrad eld is determined only
up to a local Lorentz transformation. Like in teleparallel
theories, we have to consider modications to the general
relativistic Lagrangian.
Let us return to the main question to show that (11)
splits the metric in background and perturbation parts in
a coordinate and gauge independent way. We identify the







where  is the canonical 1-formof the groupG [18]. When
the perturbation is a pure gauge A = U
 1
dU (x) the
potential can be sent to zero through a gauge transfor-





apart from a pullback which amounts simply to a coordi-
nate transformation [20] , the metric takes its background
form. In other words, if F is the curvature tensor,





The coordinate system in which g = g
B
is not xed by
the requirement F = 0, indeed it depends on the map
(x) that in turn depends on the value of U (x). This
shows that the equation F = 0 is a coordinate indepen-
dent way to state the equivalence of the metric with its
background form. Here the splitting is not articial be-












that are scalars and gauge invariant. Moreover they can-
not be recovered from the metric alone. Their gauge in-
variance is assured because the tetrad eld (12) and the
curvature transform, under gauge transformations, with
the adjoint representation which, as we have seen, is a
subgroup of the Lorentz group.
Before we start studying the dynamics let us esplicitate





























coincides with the Minkowski metric.













and the representation (the metric is independent


























Hence, for G = U (2) the background metric coin-
cides with that of Einstein's static universe.
Analogous calculations lead to the background metric for
the cases c) and d). They, however, do not enjoy the
cosmological principle.
To summarize, we have identied the perturbation
with the potential of a gauge theory. Its transforma-
tion under gauge and coordinates change are well known.
From that variable one can construct scalars that ex-
press properties of the perturbation with respect to a
background structure. The scalars to be considered de-
pend on the supposed background structure, for instance,
they are invariant under U (2) gauge transformations in
an Einstein's static universe background.
III. DYNAMICS AND TELEPARALLEL
THEORIES























g, where the brackets recall that the OT frame
is dened up to a global Lorentz transformation. We can

























































































































































































The linearized theory is ghost-free when the parameter 
is positive [9]:   0. General relativity corresponds to
 = 0. The rst term in Eq. (20) is the well known Yang-







The reader should keep in mind that this similarity is
only apparent: here even the metric and the tetrad eld
depend on the potential A; this leaves us with a theory
that is still not renormalizable. The role of Eq. (20) is to
exhibit the gauge invariance of teleparallel gravity theo-
ries, and hence of general relativity, under any of the four
dimensional group studied in the previous section. Ac-
tually, we have obtained this gauge invariance with the
introduction of a new degree of freedom given by the eld
(x). One can correctly suspect that the need for the in-
troduction of a new eld is a signal that the symmetries
developed are not genuine new symmetries of the original
Lagrangian. Moreover, one can be concerned about the
fact that our dynamical variable is the potential in the
OT gauge: if in practical calculation we have to return
to the usual tetrad formulation, what is the advantage
of introducing such dependence of the metric? To an-
swer these questions we need to introduce the internal
coordinate representation.
So far, we have used the spacetime coordinates. Let
us choose a gauge such that  : M ! G is injective. In
such a gauge we can perform a coordinate transformation
from the spacetime coordinates fx

g to given internal co-
ordinates f
a
g of the group manifoldG. For example the
Lagrangian in the internal coordinates becomes 
 1
L(x)




















From this equation we see that the eld (x) has been
completely removed by the coordinate change. In the
internal coordinate representation the gauge symmetry
turns out to be an alternative way of recasting the in-
variance under coordinate transformations. To any co-
ordinate change in the internal formalism corresponds
a gauge transformation in the spacetime formalism; the
converse, however, is not true. For instance the OT gauge
can not be accomplished in the internal formalism be-
cause the eld (x), in that case, is not injective. In the
internal representation the invariance under coordinate
transformation and the invariance under gauge transfor-






















































) by the product 
0
= u(). In the same way
it can be shown, for example, that the metric given by
(11) transform as a tensor under (23). Notice that in
the internal formalism there is no distinction between
internal and spacetime indices because in the spacetime
manifold we have introduced internal coordinates.
Let us investigate more closely the case G = T
4
. In
the previous section we dened the coordinates f
a
g on





. The tetrad eld in the























Apart for changes due to the notation, this is exactly
the dependence of the tetrad eld on the potential given
in [7]. Indeed, our formalism in the G = T
4
case gives
rise to the widely studied translational gauge symmetry
of teleparallel theories. In literature it has been studied
both in internal coordinates [7] and in spacetime coordi-
nates [4, 6].
Now we see the advantage of these gauge formulations.
In the internal coordinate representation, contrary to
what happens in the spacetime representation, the La-
grangian does not reduce to its usual tetrad form be-
cause we are not working (and we cannot work) in the
5OT gauge. Moreover, the dynamical variable is given
by the potential A
a
b
() and there is no further degree
of freedom apart from that of making gauge-coordinate
transformations. The metric depends on the potential
through the tetrad eld (22). The identication of the
potential A() with the perturbation is coordinate inde-
pendent, its transformation law being Eq. (23).
As a nal point let us investigate the invariance un-
der global Lorentz transformations. We should expect
that the formulation in terms of a perturbation spoils
this explicit invariance see (Eq. (19)) if the background
structure does not share the same symmetry. This is
indeed the case. Only the structure coeÆcients of the
group G = T
4










. For this group one can accomplish





















(x). Of course, in the internal repre-


















Surprisingly, in the previous literature, despite of the
properties of the gauge formulation, most of the calcula-
tions were performed in the usual tetrad formalism. This,
however, is quite natural if one looks for non-perturbative
results.
IV. CONCLUSIONS
In order to solve the background structure problem of
gravity theories, we proposed a metric of the form (11)
where two connections were introduced. We showed that,
if the dynamics determines the potential of the gauge the-
ory completely (up to gauge or coordinate changes), the
splitting of the metric in background and perturbation
parts is physical since new observables, not dependent
from the full metric alone, can be constructed. We clas-
sied the allowed four-dimensional structure groups nd-
ing suitable backgrounds for the T
4
and U (2) cases. We
went to exploit the dynamics with the introduction of a
teleparallel geometry on the manifold. Taking advantage
of teleparallel gravity results, that geometry was used to
construct Lagrangians compatible with the low energy
limit of general relativity. It should be mentioned, how-
ever, that the gauge approach allows a more large vari-
ety of gravitational Lagrangians than the teleparallel ap-













coordinate and gauge independent but has no teleparallel
analogue. Teleparallel Lagrangians have the advantage
of being invariant under global Lorentz transformation.
This still seems a necessary condition for the introduction
of spinor matter elds. Finally, teleparallel theories were
interpreted as gauge theories over dierent backgrounds
in dependence of the structure group chosen. Most in-
teresting cases were the Minkowski at metric and the
Einstein static universe. As a nal comment, Eq. (21)
suggests that renormalization can eect the 'radius' of
the universe. Of course, the theory is not renormalizable
and this is only a speculation, anyway it seems to deserve
further investigations.
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